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We present a theory of magnetic response in a finite-size two-dimensional superconductors with
Rashba spin-orbit coupling. The interplay between the latter and an in-plane Zeeman field leads on
the one hand to an out-of-plane spin polarization which accumulates at the edges of the sample over
the superconducting coherence length, and on the other hand, to circulating supercurrents decaying
away from the edge over a macroscopic scale. In a long finite stripe of width W both, the spin
polarization and the currents, contribute to the total magnetic moment induced at the stripe ends.
These two contributions scale with W and W 2 respectively, such that for sufficiently large samples
it can be detected by current magnetometry techniques.
Superconductivity in two-dimensional (2D) and quasi-
2D systems has been attracting a great deal of attention
over past decades [1, 2]. Examples of such systems range
from ultra-thin metallic films, heavy fermion superlat-
tices, and interfacial superconductors to atomic layers of
metal dichalcogenides, and organic conductors.
Most 2D superconductors exhibit large spin-orbit cou-
pling (SOC) because of broken space inversion symme-
try. In this regard two types of 2D superconductors can
be distinguished: Those exhibiting SOC of Rashba-type
due to a broken up-down (out-of-plane) mirror symme-
try, denoted here as Rashba superconductors, and those,
in which a 2D in-plane inversion symmetry is broken due
to a non-centrosymmetric crystal structure. The latter
are exemplified by 2D transition metal dichalcogenides
[3, 4]. To the first group, on which we focus here, belong
for example ultra-thin superconducting metallic films [5–
7].
Over the last years Rashba superconductors have been
intensively studied as paradigmatic systems where pair
correlations coexist with strong intrinsic SOC [8–20].
Because of the interplay between SOC and a Zeeman
field they demonstrate highly unusual properties, such
as, the appearance of an inhomogeneous superconduct-
ing phase [15, 17], magnetoelectric effects [9, 11, 20], and
anisotropic magnetic susceptibility [12]. With few excep-
tions, as for example Refs. [18, 19, 21], most of these
works focused on infinite 2D systems.
In this letter we demonstrate that finite size effects
drastically modify the magnetic response of Rashba su-
perconductors leading to hitherto unknown phenomena.
Our main findings are the following: (i) In a response to
a Zeeman field the system exhibits a spin texture (Fig.
1a) with a transverse component of the spin localized
near the edge on the scale of superconducting coherence
length. (ii) Because of the spin-charge coupling mediated
by the SOC, a non-homogenous charge current appears
in the system with a spatial distribution that depends
on the direction of the applied field and geometry of the
system (Fig. 1b); (iii) In particular, for a finite stripe
oriented along the field, macroscopic currents loops ap-
pear at the stripe ends (Fig. 1c). Both, the transverse
spin and the edge currents contribute to the total mag-
netic moment which can be detected by state-of-the-art
magnetometry techniques.
These findings can be qualitatively understood recall-
ing the concepts of spin currents and spin galvanic ef-
fect (see Fig. 1). The key feature of 2D materials
without up-down mirror symmetry is the Rashba SOC,
HR = α(ez × v) · σ. Here ez is a vector normal to the
2D plane, v = p/2m is the quasiparticle velocity, m its
effective mass, σ is the vector of Pauli matrices, and α
is the SOC constant [22]. The SOC acts as an effective
p-dependent spin splitting field. Let us assume that the
system is subject to an external Zeeman field B, and
for some reason the induced spin polarization S differs
from the equilibrium Pauli response χPB, where χP is
the Pauli paramagnetic polarizability. Then the excess
spin δS = S − χPB will experience an inhomogeneous
precession in the effective Rashba field, generating a mo-
mentum anisotropy of the density matrix. In the pres-
ence of disorder the precession rate Rˆ = i[HR, δS · σ] is
balanced by the momentum relaxation, which results in
a steady spin current in the bulk of the system J abulk,k =
−τtr〈vkσaRˆ〉 = αD(δSzδka − δSkδaz), where τ is the
momentum relaxation time, and D = τv2F /2 is the dif-
fusion coefficient. Under equilibrium conditions δS = 0
in normal systems, but in superconductors pair correla-
tions modify the Pauli response leading to a finite δS
[12, 23]. This leads to finite equilibrium spin-currents in
Rashba superconductors generated by the Zeeman field.
For example, a field applied in x-direction in a bulk super-
conductor produces a spin-current with an out-of-plane
polarization, J zbulk,x = −αDδSx. Due to the spin-Hall
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2magneto-electric coupling in Rashba materials the bulk
spin-current generates a transverse charge current ac-
cording to jbulk,y ∝ α2J zbulk,x = α3DδSx, which is noth-
ing, but the anomalous supercurrent well known for bulk
superconductors with SOC [8, 11, 17].
In a finite system currents must vanish at the edges
of the sample. This condition can be fulfilled only if
the distribution of the excess spin δS(r) is inhomoge-
neous near the edge, so that the diffusion spin-current
J adiff,k = −D∂kδSa compensates the bulk contribution.
For concreteness, if we assume a boundary with vacuum
at x = 0, the zero spin-current condition for a field ap-
plied in x-direction reads: D∂xδSz = J zbulk,x, which im-
plies that a finite component δSz(x) transverse to the
field is induced at the edges of the sample. In this case
the spin density exhibits a texture as sketched in Fig. 1a
[24]. In the presence of SOC both the edge and the bulk
spin-currents are converted into a charge current flow-
ing parallel to the boundary, via the spin-galvanic effect,
Fig. 1b. In a realistic finite system currents must van-
ish at all edges. The anomalous charge currents at the
boundaries should then be compensated by supercurrents
which stem from a gradient of the superconducting phase.
As a consequence, in a stripe geometry, an in-plane field
induces current loops at the edges as shown in Fig. 1c.
The magnetic moment induced by this currents and by
the transverse spin can in principle be measured to di-
rectly detect the effects we predict here. In the rest of
the paper we provide a quantitative derivation of these
effects, calculate the induced magnetic moment, and pro-
pose materials in which our predictions can be verified.
Specifically, we consider a 2D disordered superconduc-
tor with Rashba SOC. We assume that the Fermi energy
corresponds to the largest energy scale, so that spectral
and transport properties can be accurately described by
the quasiclassical Green’s functions (GFs) [25, 26]. In the
diffusive limit these functions are isotropic in momentum
and they obey the Usadel equation which in the presence
of a Zeeman field and Rashba SOC reads [27–29]:
D∇˜k
(
gˇ∇˜kgˇ
)
− [(ω + ih · σ) τ3 + ∆τ2, gˇ] = 0 . (1)
Here h = µBB, σ = (σx, σy, σz) and τ2,3 are Pauli ma-
trices spanning spin and Nambu space, respectively, ω is
the Matsubara frequency, ∆ is the superconducting order
parameter, and SOC enters via the covariant derivative
∇˜kgˇ = ∂kgˇ − i
[
Aˆk, gˇ
]
, where Aˆk = α (δkxσy − δkyσx),
summation over repeated indices is implied, and k = x, y
[30]. The quasiclassical GF gˇ in Eq. (1) is a 4×4 ma-
trix in the Nambu-spin space, which satisfies the nor-
malization condition gˇ2 = 1. In the absence of spin-
dependent fields it reads gˇ0 = (ω/E)τ3 +(∆/E)τ2, where
E =
√
ω2 + ∆2. It is easy to check by substitution into
Eq. (1), that in the absence of Zeeman field gˇ0 is also
the solution of the Usadel equation for arbitrary Aˆk.
To compute the response to an external magnetic field
we linearize Eq. (1) with respect to h and write the
solution as gˇ ≈ gˇ0 + δgˇ. It is convenient to define
δgˇ ≡ igˇ0 [τ3, gˇ0] Qˆ, where Qˆ is a matrix in spin space
that satisfies the following equation [31]:
D∇˜2kQˆ− 2EQˆ = h · σ , (2)
The excess spin density δSa is then determined by [32]:
δSa = −2piTNF
∑
ω
Trσ
∆2
E2
[
σaQˆ
]
. (3)
For a homogeneous infinite 2D superconductor, the solu-
tion Qˆb = Qabσ
a of Eq. (2) reads
Qzb = −hz
[
2E + 8Dα2
]−1 (4)
Qx,yb = −hx,y[2E + 4Dα2]−1 . (5)
Equations (3)-(5) reproduce the bulk spin response of
Rashba superconductor [12, 14], which is finite even at
T = 0 and depends on the direction of the applied field.
This situation changes drastically in a finite system.
First, we assume that the system is infinite in y-direction,
and bounded to the region |x| < L/2 in the x-direction.
The solution to Eq. (2) can be written as the sum of the
bulk contribution and a contribution from the sample
edges, Qˆ = Qˆb + δQˆ(x). According to Eq. (2) the latter
satisfies:
D∂2xxδQ
x − (4Dα2 + 2E) δQx + 4Dα∂xδQz = 0 (6)
D∂2xxδQ
z − (8Dα2 + 2E) δQz − 4Dα∂xδQx = 0 . (7)
The last terms in these equations describe precession of
the excess spin, caused by SOC. Importantly, the pre-
cession terms are finite only for inhomogeneous systems.
The boundary conditions to the above equations are ob-
tained by imposing zero-current at the edges, x = ±L/2
[28, 33]:
∂xδQˆ− iα
[
σy, δQˆ
]∣∣∣
x=±L/2
= iα
[
σy, Qˆb
]
. (8)
Here the left hand side is proportional to the inhomoge-
neous spectral spin-current which cancels the bulk one in
the right hand side. The boundary problem of Eqs. (7)-
(8) has a nontrivial solution only if the right-hand-side in
Eq. (8), that is the bulk spin-current, is finite. According
to Eqs. (4)-(5), this is the case when the magnetic field
has either z- or x-components. How to obtain the solu-
tion for δQa is discussed in the Supplementary Material.
Here we present the spatial dependence of the induced
spin obtained from Eq. (3) and plotted in Figs. 2(a,c).
Both for in-plane (B ‖ ex), and for out-of-plane (B ‖ ez)
fields, in addition to the longitudinal spin, a transverse
commponent of the spin-density is generated. The latter
is localized at the edges of the sample with opposite sign
on opposite sides and decay into the bulk over the co-
herence length ξs. These results generalize the theory of
3B
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Figure 1. Schematically description of the magnetic response
in finite size superconductors in the presence of an in-plane
field B. (a) Black arrows represents the deviation of the spin
density, δS, from the Pauli spin. Because of the SOC and
the finite size of the sample a transverse component of δS
is generated. (b) The spin-charge coupling due to the SOC
induces bulk (red arrows) and edge (green arrows) charge su-
percurrents. (c) Due to the finite size of the sample the edge
currents flow in close loops (blue), inducing an out-of-plane
angular momentum (black arrows).
magnetic response for Rashba superconductors [12, 14]
to the case of finite samples.
In addition to the finite spin response at T = 0, the
SOC in superconductors also leads to the spin-galvanic
effect, that is, a creation of charge currents by a Zeeman
field [11, 17, 20, 34]. In the stripe geometry (see middle
panels of Fig. 2) the so called anomalous charge current
is induced in y-direction, jany = (θ/m)(∂xδSz − 2αδSx)
[33], where θ = 2Dτα2 is a dimensionless parame-
ter which in normal systems describes the spin-charge
conversion[35]. Within the diffusive approximation it is
a small parameter which we treat perturbatively. Here
δSa is obtained by substituting the solution of Eqs. (6)-
(7) into Eq. (3). This results in
jany = −4piθ
TNF
m
∑
ω
∆2
E2
(∂xδQ
z − 2αδQx − 2αQxb )
≡ janedge(x) + janb . (9)
In the second line we identify two contributions to the
anomalous current: the bulk contribution janb , widely
studied in homogeneous superconductors [9, 11, 17, 20]
and given by the last term in the brackets in the first
line and (red arrows in middle panels in Fig. 2), and the
boundary contribution janedge, determined by the first two
terms. The latter are localized at the edges of the sam-
ple within the scale of superconducting coherence length
(green arrows in middle panels of Fig. 2). In the geom-
etry under consideration, the "bulk" contribution to the
current is finite only for fields applied across the stripe
(x-direction).
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Figure 2. Spin density (panels a,c), and charge current density
(panels b,d), induced by an in-plane (a-b) and out-of plane
field (c-d), for α = 0.2ξ0, L = 10ξ0. The middle panels shows
schematically the corresponding bulk (red arrows) and edge
currents (green arrows)
The spatial dependence of the charge current den-
sity is shown on Fig. 2 b and d for fields in x- and z-
direction, respectively. Because of zero spin-current con-
dition, Eq. (8), the charge current of Eq. (9) also van-
ishes at the boundaries. When the field is applied in
x-direction, Fig. 2b, both, the bulk and edge contribu-
tions, are finite. The maximal value of the total current is
the "bulk" value reached deeply inside the sample, away
from the edges. The spatial distribution of the current is
symmetric and the net current through the stripe is non-
zero. In contrast, if the field is applied in z-direction,
Fig. 2d, there is no bulk contribution, because Qzb does
not contribute to the current, see Eq. (9). Only edge cur-
rents, opposite on opposite sides, appear. Clearly in this
case the total charge current vanishes.
The above results apply for an infinite superconducting
stripe, and whether the obtained currents may exist in
real finite systems depends on transverse boundary con-
ditions. For example, if the finite stripe is wrapped in a
cylinder, the periodic boundary conditions indeed allow
for the above current patterns when the field is applied
along the the cylinder axis [17]. Here we consider a more
experimentally relevant situation: a finite 2D supercon-
ductor of rectangular shape, which occupies the region
|x| < L/2 and |y| < W/2 (see Fig. 3). Obviously, the
charge current through all boundaries must vanish. For
out-of-plane field this condition is trivially satisfied by
closing the boundary streamlines, which generates a cir-
culating edge current. However, in this situation, orbital
effects also create circulating diamagnetic supercurrents
and the detection of a pure anomalous current is rather
difficult. Therefore, here we focus on the case of in-plane
field. As shown in Fig. 2(b), in this case the anomalous
current has the same direction at both edges. Hence, in
the presence of impenetrable boundaries at y = ±W/2,
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Figure 3. The current flow in a finite 2D superconductor
with SOC when the field is applied in x-direction. The green
arrows represents the edge contributions to the anomalous
SH-current. The color-scale shows the decay of the current
amplitude away from the interface.
one naturally expects generation of closed streamlines at
each edge as shown schematically in Fig. 1(c). In what
follows we study this situation quantitatively.
To satisfy the zero-current condition at y = ±W/2,
the anomalous current of Eq. (9) needs to be compen-
sated by a supercurrent generated by a gradient of the
superconducting phase ϕ(r). The total charge current in
a superconductor reads,
jk =
ns
2m
∂kϕ+ j
an
k , (10)
where ns is the superfluid density. Since the anomalous
current is divergenceless, the continuity equation for the
current reduces to the Laplace equation for the phase,
∇2ϕ = 0 (11)
which has to be solved by imposing a zero current con-
dition at the edges of the sample,
nk∂kϕ|edge = −
2m
ns
nkj
an
k
∣∣∣∣
edge
(12)
where n is a unit vector normal to the edge. The bound-
ary problem, Eqs. (11)-(12), can be solved following the
procedure described in Refs. [35, 36]. Here we present
the results for a narrow stripe oriented along x-axis with
ξs  L  W . In this case the currents near opposite
edges at x = ±L/2 are independent from each-other,
and one can treat each edge separately. For the current
near the left edge at x = −L/2 we find,
jy(x, y) = I
edge
y
∫
dk
2pi
eik(x+L/2)
[
1− cosh ky
cosh kW/2
]
(13)
jx(x, y) = −iIedgey
∫
dk
2pi
eik(x+L/2)
sinh ky
cosh kW/2
, (14)
where Iedgey is the net anomalous edge current, obtained
by integrating janedge(x) in Eq. (9) from the boundary
(x = −L/2) to the bulk of the sample (x = 0). Fig. 3
shows the current streamlines in the whole stripe ob-
tained from these equations. One identifies two different
scales: (i) a mesoscopic scale of the order of the coherence
length ξs, over which the anomalous current janedge(x) de-
cays, and (ii) a macroscopic scale related to the size of the
sample. In the present limiting case, ξs  LW , there
are two clearly defined contributions to the y-component
of the current : the edge anomalous current localized at
the boundary (first term in the integrand of Eq. (13) rep-
resented by a green arrow in Fig. 3), and the counterflow
of supercurrent given by the second term in Eq. (13),
which decays over the scale ∼ W and compensates the
anomalous edge component such that
∫
dxjy(x, y) = 0.
The current stream generates a finite orbital angular
momentum Lz, see Fig. 1c. The latter is computed from
its general definition Lz = m
∫ ∫
dxdy(xjy − yjx)/2, and
scales as W 2:
Lz = −mW
2
4
Iedgey
∫
dk
2pi
tanh2 k
k2
≈ −mW
2
8
Iedgey . (15)
Similarly the total spin angular momentum accumulated
at the edge is obtained by integrating the z-component
of the spin, Eq. (3), Sz =
∫ 0
−L/2 δS
z(x)dx.
In the Supplementary Material we derive the follow-
ing analytical expressions for both the spin and orbital
angular momenta at T = 0 in two limiting cases:
Sz ∝ −NFhxWξ0
{
ξ0α, for ξ0α 1
(αξ0)
−3, for ξ0α 1 ,
(16)
and
Lz ∝ −NFhxθW 2
{
ξ0α, for ξ0α 1
(ξ0α)
−4 ln(ξ0α), for ξ0α 1
(17)
with ξ0 =
√
D/2∆. The measurable magnetic moment
is then given byMz = µB(Lz/~ + Sz), where µB is the
Bohr magneton [37]. Both contributions have the same
sign. However, the spin angular momentum scales with
W , while Lz scales with W 2 and therefore dominates in
macroscopic samples.
In conclusion, we presented a complete theory of the
magnetic response of finite size Rashba superconductors.
When the field is applied in-plane our theory predicts
on the one hand a finite out-of-plane spin polarization
localized at the edge of the sample on the scale of su-
perconducting coherence length. On the other hand, the
SOC also leads to supercurrents circulating in the sam-
ple. Both the spin and the orbital momentum of super-
currents contribute to the total magnetic moment, which
is induced at the edges and can be measured by state-
of-the-art magnetic sensors[38, 39]. Whereas the contri-
bution from the spin angular momentum scales with the
width W of a rectangular stripe, the contribution from
the currents scales with W 2 and therefore dominates in
5large samples. There are several superconducting mate-
rials with Rashba SOC and whihc our findings can be
verified. These range from Pb and Tl-Pb monolayers
[6, 40–42], to thin MoS2, NbRe, β-Bi2Pd films [43–45],
and 2D superconductivity at the LaAlO3/SrTiO3 inter-
face [46–49].
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Appendix A: Solution of the boundary problem Eqs.
(6-8)
In the main text all observables, currents, angular mo-
menta, etc, are expressed in terms of δS, which is the
deviation of the spin-density from the Pauli paramag-
netic spin. According to Eq. (3), the components of δS
are determined from the matrix Qˆ. there are two types
of contributions: One stemming from the bulk of the
sample, Qˆb and another one from the boundary,δQˆ. The
latter is obtained by solving the boundary problem Eqs.
(6-8). Here we describes the main features of the solution
procedure.
The precession term in Eqs. (6-7) couples the x and
z components, δQx,z. These components are also cou-
pled via the boundary condition, Eq. (8), which written
explicitly reads:
∂xδQ
z − 2α∂δQx|x=±L/2 = 2αQxb
∂xδQ
x + 2α∂δQz|x=±L/2 = −2αQzb
(S1)
Clearly, a nontrivial solution exists only if the right-
hand-side in these equation is non-zero. This is the case
when the magnetic field has either z- or x-components.
It is straightforward to check that the general solution
for the boundary quantity, δQa, reads
δQa = Aa+e
κ+(x+L/2) +Ba+e
−κ+(x+L/2) +Aa−e
κ−(x+L/2)+
+Ba−e
−κ−(x+L/2) ,
(S2)
where κ± =
√
κ2E − 2α2 ± 2iα
√
7α2 + 4κ2E , κ
2
E =
2E/D, and Reκ± > 0, is the characteristic length over
which δQ decays away from the edge. Then, the trans-
verse spin induces at the edge of the sample decays into
bulk over a distance that we denote ξs. At low tempera-
tures:
ξs ≈ 1
Re
√
1
ξ20
− 2α2 + iα
√
7α2 + 4
ξ20
, (S3)
where ξ0 =
√
D/2∆.
For sufficiently large L, the solution near each bound-
ary can be found independently. For example the solution
at the x = −L/2 boundary consists only on the decaying
exponents with
δQz(x) = Bz+e
−κ+x +Bz−e
−κ−x
δQx(x) = Bx+e
−κ+x +Bx−e
−κ−x ,
(S4)
with
Bx± =
4ακ±
κ2± − 4α2 − κ2E
Bz± . (S5)
The coefficients Bz± are then determined by Eqs. (S1).
The solution, Eq. (S4), describes the spin density accu-
mulated at the edge of the sample,x = −L/2, and decays
into the bulk over the superconducting coherence length
,and eventually oscillates. In Fig. 2(a,c) of the main text
we show the total spin-density obtained by substituting
the solution Eq. (S4) into Eq. (3) of the main text.
Appendix B: Calculation of the angular momenta,
Eqs. (15-17)
In this section we calculate the total angular momen-
tum at the left edge, x = −L/2 of the stripe shown in Fig.
3 when ξ0 W  L. Because both, the anomalous cur-
rent and spin densities generated at the boundary, decay
into the bulk over the coherence length ξ0 the integrals
in Eqs. (16-17) of the main text is can be taken in the
interval −L/2 < x < 0. We first determined the total
orbital angular momentum Lz given in Eq. (15) which
is proportional to the contribution to the anomalous cur-
rent stemming from the boundary of the sample, denoted
in the main text as Iedgey , and defined in Eq. (16). After
substituting the expression janedge from Eq. (9) we obtain:
Iedgey = −4piθ
TNF
m
∑
ω
∆2
E2
[−δQz(−L/2)− 2αδQx] ,
(S6)
where δQx =
∫ 0
−L/2 dxδQ
x(x) and can be determined
by integrating the Usadel equation, Eq. (6) in the same
interval:
− ∂xδQx(−L/2)− (4α2 + κ2E)δQx − 4αδQz(−L/2) = 0 .
(S7)
According to the boundary condition Eq. (8), the first
term of the latter equation equals
−∂xδQx(−L/2) = 2αδQz(−L/2) ,
and therefore
δQx = − 2α
4α2 + κ2E
δQz(−L/2) , (S8)
After substitution into Eq. (S6) we can write the anoma-
lous boundary current in terms of δQz at x = −L/2:
Iedgey = 4piθ
TNF
m
∑
ω
∆2
E2
κ2E
4α2 + κ2E
δQz(−L/2) (S9)
Finally one obtains the total orbital angular momentum
from Eq. (15):
Lz = −pi
2
θW 2TNF
∑
ω
∆2
E2
κ2E
4α2 + κ2E
δQz(−L/2) (S10)
7Equivalently one can also express the total boundary
spin, Sz in terms of of the boundary value δQx(−L/2).
For this sake we first integrate the Usadel equation (7)
which together with the boundary condition (8) gives an
expression for the integrated δQz:
δQz = 2α
δQx(−L/2)−Qxb
8α2 + κ2E
. (S11)
This expression together with Eq. (3) gives the total
spin angular momentum
Sz = −8piTNFWα
∑
ω
∆2
E2
δQx(−L/2)−Qxb
8α2 + κ2E
(S12)
Expressions (S10) and (S12) express the angular mo-
menta in terms of the values of the the functions δQa,
a = x, z, at the boundary of the sample. These can be
obtained by solving the boundary problem Eqs. (6-8). In
the case under consideration, ξs  W  L, only terms
which decay away from the boundary in Eq. (S2) con-
tribute to the solution:
δQa = Ba+e
−κ+(x+L/2) +Ba−e
−κ−(x+L/2) , (S13)
with a = x, z, and
Bx± =
4ακ±
κ2± − 4α2 − κ2E
Bz± . (S14)
The coefficients Bz± are obtained from the boundary
condition, Eq. (8):
(Bz−)
∗ = Bz+ =
−iαQxb
(
κ2+ − 4α2 − κ2E
) (
κ2− + 4α
2 + κ2E
)
Im
[
κ−
(
κ2+ + 4α
2 + κ2E
) (
κ2− + 4α2 − κ2E
)] ,
(S15)
and hence
δQz(−L/2) = 2αQxb
Im
[(
κ2+ − 4α2 − κ2E
) (
κ2− + 4α
2 + κ2E
)]
Im
[
κ−
(
κ2+ + 4α
2 + κ2E
) (
κ2− + 4α2 − κ2E
)]
(S16)
and
δQx(−L/2) = 8α2Qxb
Im
[
κ+
(
κ2− + 4α
2 + κ2E
)]
Im
[
κ−
(
κ2+ + 4α
2 + κ2E
) (
κ2− + 4α2 − κ2E
)]
(S17)
By substituting Eqs. (S16) and (S17) into Eqs. (S10)
and (S12) one can obtain, after summing over frequen-
cies, the total orbital and spin angular momentum re-
spectively. In order to obtain analytical expressions here
consider two limiting cases:
Small SOC: α κE
In this case
δQz(−L/2) ≈ − α
κE
Qxb , (S18)
and from Eq. (S10) we obtain:
Lz ≈ piW 2TNFDτα2
∑
ω
∆2
E2
κ2E
κ2E
α
κE
Qxb . (S19)
At low temperature, t→ 0, the sum can be written as an
integral over frequencies. After substitution of the bulk
value Qxb , Eq. (5) in the main text, we obtain (compare
with Eq. (19) in the main text):
Lz ≈ −hxαξ0W 2NF θ
8
∫
dω
1
(ω2 + 1)7/2
, (S20)
where ξ0 =
√
D/2∆ and the numerical factor is ob-
tained by evaluation of the integral:
1
8
∫
dω
1
(ω2 + 1)7/2
=
1
8
√
piΓ(5/4)
Γ(7/4)
≈ 0.21 . (S21)
On the other hand the total spin Sz is obtain from Eq.
(S12). In leading order in αξ0 only the Qxb contributes:
Sz ≈ −8piTNFWαhx
∑
ω
∆2
E2
1
2Eκ2E
, (S22)
which at low temperatures reduces to (cf. with Eq. (18)
in the main text)
Sz ≈ −2NFWαhxξ20
∫
dω
1
(ω2 + 1)2
≈ −piNFWαhxξ20 .
(S23)
Large SOC: α κE
In this limiting case the total spin, Sz can be calcu-
lated straightaway from Eq. (S12), by taking everywhere
leading order terms in κE/α. Specifically, from Eq, (S17)
δQx(−L/2) ≈ (
√
2− 1)Qxb ; , (S24)
whereas
δQz(−L/2) ≈ −
√√
8− 1Qxb . (S25)
Substituting these expressions into Eqs. (S12,S10), and
considering the low temperature regime we obtain:
Sz ≈ NFW
α
(
1− 1√
2
)
∆2Qxb
∫
dω
ω2 + ∆2
≈ NFW
α
(
1− 1√
2
)
pi∆Qxb
(S26)
and within logarithmic accuracy:
Lz ≈W 2NF τ∆2 ln(ξ0α)
√√
8− 1Qxb . (S27)
According to Eq. (5) in the main text, Qxb ≈ −hx/4Dα2,
which after substitution into previuos expressions gives
Eqs. (18-19) in the main text.
